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Abstract 
Sport engineering gives good illustrations of the basic laws of theoretical mechanics and interesting examples that attract the 
students’ attention to this academic discipline. Differential equations and general theorems of dynamics allow us to describe the 
considered phenomena qualitatively correctly. The obtained solutions may be refined by the application of more sophisticated 
models. 
© 2009 Published by Elsevier Ltd. 
Sports biomechanics; equations of motion, general theorems of dynamics 
1. Introduction 
If we wish to gain a better understanding of the laws of theoretical mechanics by students, we have to apply 
attractive and vivid examples illustrating the theorems and equations of the discipline. In this paper, we propose to 
use the problems of sport engineering as such examples. This approach grew out from our experience in training for 
bachelor's and master's degrees in biomechanics at the Department of Theoretical Mechanics of Perm State 
Technical University. The involvement of junior undergraduates in the challenges of biomechanics and particularly 
the biomechanics of sports at the accessible level helps them better choose the sphere of their further studies. 
All the considered problems have been solved analytically in the framework of classical dynamics by application 
the equations of a material point motion, the theorem on momentum, theorem on angular momentum, and theorem 
on kinetic energy. Undoubtedly, the methods of theoretical mechanics may be useful in the solution of many other 
problems of sport engineering. 
2. Selected problems of sport engineering in theoretical mechanics 
2.1. Delayed parachute jump 
This problem may be considered when studying the differential equations of a point motion. The challenge is to 
determine the skydiver’s velocity in the delayed jump before and after the parachute opening as functions of time 
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and traversed path. Let us consider the skydiver as a material point of mass m  moving along the vertical axis x
under the force of gravity P  and the aerodynamic drag force R . The latter force is generally considered to be 
proportional to the square of the velocity and is given by 25.0 SvcR xρ=  [1-3] where ρ  is the air density; S  is the 
area of the midship; and xc  is the coefficient of aerodynamic drag. For convenience of the analytical solution, we 
will use another representation of the drag force: 
22
vmgkR =   (1) 
where  2/1)2( mgSck xρ= . It is easy to see that the meaning of the coefficient k  is given by ∞= vk /1  where ∞v  is 
the ultimate velocity in a prolonged fall of the body in a viscous medium. 
Directing the axis x down, after reduction by mass we obtain from Newton's second law the differential equation 
of motion of the material point in the form:  
)1( 22vkgx −=&& .  (2) 
To find the functions )(tv  and )(xv , we shall write the acceleration in Eq. (2) in two different forms 
)1( 22vkg
dt
dv
−=       and      )1( 22vkg
dx
dv
v −= .  (3) 
At the first stage of the jump (before opening the parachute), the drag coefficient is 1k , the initial conditions are 
zero: 0)( =tv  at 0=t , and 0)( =xv  at 0=x . Note that the velocity v  increases from zero to the velocity of free 
fall 11 /1 kv = , so 11 <vk . By integrating the equations (3) with taking into account this inequality and initial 
conditions, we obtain two solutions in a form of functions of the velocity on time and coordinate: 
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The analysis of the obtained solutions shows that the condition 11 /1 kvv ==  is met only when ∞=t  and ∞=x , 
and now we have a philosophical question: what is infinity? 
To answer this question, we have assume that the velocity of fall is almost equal 1v  when it differs from it by 1%, 
i.e. it reaches the value 111 99.0)()( vxvtv ⋅== ; and by this way the time 1t  and coordinate 1x  have been found: 
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If we accept that the terminal velocity of free flight in a delayed parachute jump is 50 m/s, we find the duration 
and the extent of the first phase of the jump: s5.131 =t , and m4991 =x .  
The second stage of the skydiver jump begins with a parachute opening; the time and coordinate begin anew 
from zero. The drag coefficient now is 12 kkk >=  ( 22 /1 vk =  where 2v  is the ultimate velocity of vertical flight 
with an open parachute). The initial conditions are: 1)( vtv =  at 0=t , and 1)( vxv =  at 0=x . After integration with 
taking into account the initial conditions and the inequality 12 >vk , the equations (3) give us the functions of the 
velocity on time and coordinate for the second phase of the jump: 
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These results show again that 22 /1 kvv ==  only when ∞=t , and ∞=x . Note that the skydiver’s velocity 
approaches the limit from above. We assume that the velocity 222 01.1)()( vxvtv == is almost equal to the ultimate 
velocity; whence it follows that 
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If the velocity of landing is =2v 5 m/s, the parameters of the stage of deceleration are: s3.12 =t , and m7.82 =x , 
i.e. the time 2t  and path 2x  that are infinitely high theoretically, comprise quite small quantities in reality.  
2.2. The jump of the figure skater 
This problem may be considered during studying the moments of inertia and the theorem of angular momentum. 
It is required to find the relationship between the initial angular velocity of the figure skater 0ω , jump height h , 
and number of revolutions n  during the jump, as well as the angular velocity 1ω  after the jump.  
We assume that the figure skater minimizes his/her moment of inertia ( minJJ z = ) just before the lift-off from the 
ice, and increases its magnitude immediately after landing by spreading the hands and putting the leg aside. In the 
phase of jump, the moment of inertia of the figure skater is constant, and the gravity force does not create a moment 
about the vertical axis. Thus neglecting the air resistance, the skater’s angular velocity is also constant.  
Times of the lift and free fall in the gravitational field are the same, so the total time of the jump is 
2)/2( 2/1 ⋅= ghT . Time of one revolution is nTt /1 = , and therefore the angular velocity of rotation is
hgnt 2//2 10 π=π=ω .  (8) 
We believe that the resultant moment of external forces is negligible after the landing too, and it implies 
conservation of the angular momentum for a rotating body. Then 
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With the height of the jump 5.0=h m the figure skater has to develop the initial angular velocity 5.290 =ω s
-1
for a threefold jump, and 4.390 =ω s
-1
 for a quadruple jump. If 2.1min =J  kg m
2
, 8max =J  kg m
2
 [4], the angular 
velocity of the skater after the jump is 43.41 =ω  s
-1 and 91.51 =ω  s
-1 respectively.  
Similarly one can solve the problem of jumping into the water from the tower by using the theorem of angular 
momentum with respect to movable frontal axis passing through the centre of mass of an athlete. At the beginning of 
the jump athlete reduces the moment of inertia for greater number of revolutions, and straightens before entering the 
water, i.e. increases the moment of inertia. The difference lies in the fact that number of revolution of the figure 
skater may by any real quantity, and it is an integer number only for reasons of beauty, but diver has to enter the 
water with the head down, therefore the number of revolutions has to be integer with a half.  
With the height of the tower 10=h  m and number of revolutions 5.1=n , the angular velocity of the diver 
during the flight has to be 6.60 =ω с-1. If the ratio of the moments of inertia 6.2/ minmax =JJ , the diver enters the 
water with an angular velocity 5.20 =ω с-1. 
2.3. Overloading at the jump from a great height 
It is well known that specially trained people (stuntmen, circus performers) can jump from a great height and land 
without injury. The athlete is motionless before jumping, his centre of mass is located at the point 0C  at height H
above the landing surface (Fig. 1). The problem is to evaluate the overload experienced by athlete at landing. 
Let consider the simplest model of athlete as a material point located in the centre of mass C . Neglecting the 
aerodynamic drag only the gravity P  acts on the athlete during free-fall. Note that at 10=H m the air resistance 
force can reach P05.0 , and at more accurate calculations it should be taken into account. In our model, the athlete 
is subjected also to resistance force R  from the weightless legs during the deceleration of the centre of mass that 
takes  place on  the path  21CC .  The point  1C   is the location of the centre of mass at the beginning of braking; its  
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Fig. 1. Free-body diagram of a 
jump from a great height.  
P is gravity; R is the resistance 
force acting on the path C1C2. 
Fig. 2. Two models of a running man suddenly stumbled on a small obstacle.  
In the left: a rigid homogeneous rod; in the right: a rod with a hinge in the mid. S is the 
impact impulse acting on the foot; S2 = – S1 is the internal impact impulse in the hinge C.   
height is kLh =1  where L  is the athlete’s height; 1<k . Full stop of the centre of mass occurs in the location 2C  at 
the height 2h  above the ground. 
Let us apply the theorem on change of kinetic energy RP AATT +=− 0  at the finite displacement from the 
beginning of the jump ( 00 =T ) to a complete stop ( 0=T ). The work of the gravity force is )( 2hHPAP −= , and 
the work of the reaction force is )( 2hkLRA mR −−=  where mR  is a mean value of the resistance force, and we can 
write the following equation: 
0)()( 2 =−−− hkLRhHP m ,  (10) 
whence it follows 
)/()( 2hkLhHPRm −−⋅= .  (11) 
When jumping from a great height, athlete is landed initially on the feet, after that he rolls on the back or falls 
forward on the hands, so we assume 2.02 =h m. With 10=H m, 7.1=L m, and 6.0=k , we obtain PRm 12= , i.e. 
the mean value of the resistance force at landing is 12 times greater than the jumper’s weight. 
Even this approximate solution allows pointing to factors that reduce overloading at the landing. At the beginning 
of the jump, the lowering the centre of mass 0C  is necessary (sit squat). At the instant of touching the surface, the 
position of the centre of mass 1C  has to be as high as possible (raise hands up), but at the end of braking, the centre 
of mass 2C  should be maximally close to the surface. 
2.4. A collision of running man with a small obstacle 
A man running with a velocity v  suddenly stumbles on a small obstacle. The problem is to determine an impact 
impulse and the loss of his kinetic energy in the frames of classical theory of purely inelastic impact neglecting the 
deviation of the man from the vertical. To solve this problem, we will use two simple models of the running man: 
a rigid homogeneous rod of mass m  and length l  moving along a horizontal surface, and the rod of the same length 
and weight with the ideal hinge in the mid that implies the ability to bend at the waist (Fig. 2).  
Before the collision, the rod is in translational motion with the momentum vS m=0  and kinetic energy 
2/20 mvT =  in the both models. 
In the case of a solid rod (Fig. 2, in the left), its translational motion at the end of impact is replaced by the 
rotation around the fixed axis Oz  with the angular velocity ω . The moment of external impact impulse S  about the 
fixed axis Oz  is zero therefore we may state the conservation of the angular momentum about this axis: 
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3/2/ 2ω=ω=⋅= mlJlmvL OzOz   (12) 
which implies lv 2/3=ω .  
The impact impulse S  may be determined from the momentum theorem SQQ =− 0 . In projection on the 
horizontal axis it has a form SQQ −=− 0  where the momentum just before impact is mvQ =0 , and the momentum 
immediately after impact is  
4/32/ mvlmmvQ C =ω== ,  (13) 
therefore 4/4/3 mvmvmvS =−= . Then the kinetic energy after a collision with an obstacle is 
8/32/ 22 mvJT Oz =ω= ,  (14) 
hence the loss of kinetic energy is given by: 
8/2/2/ 2220 mvJmvTT Oz =ω−=− .  (15) 
The problem becomes more complicated in the case of a rod having an intermediate hinge (Fig. 2, in the right). 
After the collision, the lower half of the rod rotates around the axis Oz  with the angular velocity 1ω . The upper 
half makes the planar motion, i.e. it rotates with the angular velocity 2ω  and executes translational movement with 
the velocity of its own centre of mass 2C .  
To determine the angular velocities 1ω  and 2ω , two conditions are required. The first condition is the same as 
for a solid rod, conservation of the angular momentum of the whole rod about the fixed axis Oz : 
2
)2(
1
)1(
222
4/32/2/ ω+⋅⋅+ω=⋅= zCCOzOz JlvmJlmvL (16) 
where  
24/2)1( mlJOz = , 4/2/ 212 llvC ω+ω= , and 96/
2)2(
22
mlJ zC = (17) 
are the moment of inertia of the lower half of the rod about the axis Oz , the velocity of the upper half centre of 
mass 2C , and the moment of inertia of the upper half about the axis 22 zC  respectively. 
For the upper half, the impact impulse 2S  in the hinge is an external one but its moment about the movable axis 
1Cz  is zero so we may state the conservation of the upper half angular momentum about this axis: 
2
)2()2(
2221
4/2/4/2/ ω+⋅⋅=⋅⋅= zCCCz JlvmlvmL .  (18) 
After substitutions we obtain a system of linear algebraic equations with a solution lv 7/181 =ω , lv 7/62 −=ω . 
The impact impulse S  acting on the foot may be determined from the momentum theorem SQQ =− 0  for the 
whole system. In projection on the horizontal axis it also has a form SQQ −=− 0  where the momentum 0Q  before 
impact is the same as for the solid rod. With 4/11 lvC ⋅ω= , the momentum immediately after impact is given by
7/62/2/
21
mvvmvmQ CC =⋅+⋅= ,  (19) 
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whence we have 7/7/6 mvmvmvS =−= . 
The internal impact impulse 2S  acting in the hinge we can found from the momentum theorem 2
)2(
0
)2( SQQ =−
for the upper half of the rod. As the impulse 2S  directed rightward, we may write in projection on the horizontal 
axis 2
)2(
0
)2(
SQQ =−  where the momentum just before impact 2/)2(0 mvQ = , and the momentum immediately after 
impact is: 
28/152/
2
)2(
mvvmQ C =⋅= ,  (20) 
therefore 28/2/28/152 mvmvmvS =−= .  
Then the kinetic energy after a collision with an obstacle is 
7/32/4/2/ 222
)2(22
1
)1(
222
mvJmvJT zCCOz =ω++ω= , (21) 
therefore the loss of kinetic energy  
14/2/7/3 2220 mvmvmvTTA −=−=−= .  (22) 
Thus, the impact impulse and the loss of kinetic energy for the model in a form of a rod with the intermediate 
hinge is almost twice less than for a solid rod, as the hinge gives it greater mobility. Note that according the theorem 
on kinetic energy the loss of kinetic energy is equal to work of impact forces. 
3. Conclusions 
The given examples show that some problems of sport engineering are quite accessible to undergraduates 
studying theoretical mechanics. However, the solutions obtained under accepted assumptions allow further 
refinement. For example, to bring the problem of skydiver close to reality one can take into account the wind and the 
initial horizontal velocity that skydiver has when jumping from an airplane. In the problem of jumping from a great 
height, an average overload has been obtained. The maximum overload is twice as large at a linear dependence of 
drag force on the distance, while it may be even more at a nonlinear dependence. However, if we take into account 
the energy dissipation in the human body, it may decrease the overload. For a complete solution of the problem of 
landing, we have to know the properties of human tissue and elasto-plastic characteristics of the landing surface 
material, as well as information on the mechanisms of muscles control. The problem of the stumbled running man is 
unquestionably very schematic. However, the fact that the upper half of the rod with a mid hinge rotates opposite to 
the lower half suggests that the man is bending in the spine that can lead to injury. Many of these issues are beyond 
the scope of classical mechanics, and students study them subsequently in other engineering and biomechanical 
disciplines. 
References 
[1] Ziegler F. Machanics of solids and fluids. 2nd ed. New York, Vienna: Springer-Verlag; 1995. 
[2] Rudakov R, Podgaets R, Razumov A., Yakovleva Y, Podgaets A. Sport biomechanics in resisting media. In: Liepsch, editor. Proceedings 
of 5th World Congress of Biomechanics, Bologna: Medimond International Proceedings; 2006, p. 225-231.  
[3] Podgaets A, Rudakov R, Tuktamishev V. Aerodynamic optimization of a ski jump. In: Ujihashi S, Haake SJ, editors. The Engineering of 
Sport 4, Oxford: Blackwell Publishing; 2002, p. 415-422.  
[4] Zatsiorsky V. Kinetics of human motion. The Pennsylvania St. Univ.: Human Kinetics; 2002.
2768 R. Rydakov et al. / Procedia Engineering 2 (2010) 2763–2768
